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ON THE NUMBER OF POINTS OF THE LUSZTIG NILPOTENT VARIETY
OVER FINITE FIELDS
O. SCHIFFMANN
Abstract. We give a closed expression for the number of points over finite fields of the Lusztig
nilpotent variety associated to any quiver without edge loops, in terms of Kac’s A-polynomial.
We conjecture a similar result for quivers in which edge loops are allowed. Finally, we give
a formula for the number of points over a finite field of the various stratas of the Lusztig
nilpotent variety involved in the geometric realization of the crystal graph.
1. Statement of the result
1.1. Let Q = (I,H) be a finite quiver, with vertex set I and edge set H . For h ∈ H we will
denote by h′, h′′ the initial and terminal vertex of h. Note that we allow edge loops, i.e. edges
h satisfying h′ = h′′. As usual we denote by
〈d, e〉 =
∑
i∈I
diei −
∑
h∈H
dh′eh′′
the Euler form on ZI , and by ( , ) its symmetrized version : (d, e) = 〈d, e〉+ 〈e,d〉. We also set
d · e =
∑
i diei. Let Q = (I,H ⊔H
∗) be the doubled quiver, obtained from Q by replacing each
arrow h by a pair of arrows (h, h∗) going in opposite directions.
Fix a field k. For each dimension vector d ∈ NI we fix an I-graded k-vector space Vd =
⊕
i Vi
and we set
Ed =
⊕
h∈H
Hom(Vh′ , Vh′′ ), Ed =
⊕
h∈H⊔H∗
Hom(Vh′ , Vh′′).
Elements of Ed (resp. Ed) will be denoted by (xh)h (resp. by (xh, xh∗)h). We say that (xh)h
(resp. (xh, xh∗)h) is nilpotent if there exists an I-graded flag
L• =
(
{0} = L0 ⊂ L1 ⊂ · · · ⊂ L|d| = Vd
)
, |d| =
∑
i
di
of vector subspaces in Vd such that
xh(L
l) ⊆ Ll−1, l = 0, . . . , |d|, h ∈ H
(resp. such that
xh(L
l) ⊆ Ll−1, xh∗(L
l) ⊆ Ll, l = 0, . . . , |d|, h ∈ H).
The sets of nilpotent representations form Zariski closed subvarieties Enild ⊆ Ed and E
nil
d ⊆ Ed.
When Q has no edge loops, the above nilpotency condition for elements in Ed is equivalent to the
standard nilpotency condition (i.e. that there exists an integer N > 0 such that the composition
xh1xh2 · · ·xhN vanishes for any collection of edges h1, . . . , hN in H ⊔H
∗).
The group Gd =
∏
iGL(Vi) acts on Ed and Ed by conjugation, and preserves the subvarieties
Enild , E
nil
d .
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Let us now assume that k = C. The trace map
Tr : Ed → C, (xh, xh∗)h 7→
∑
h
tr(xhxh∗)
identifies Ed with T
∗Ed. We set gd = Lie(Gd) =
⊕
i gl(Vi) and identify gd with its dual g
∗
d via
the standard Killing form. The moment map for the action of Gd on T
∗Ed may be written as
µd : Ed → gd, (xh, xh∗)h 7→
∑
h∈H
[xh, xh∗ ].
Following Lusztig (see [L1]) we consider the intersection
Λd = µ
−1
d (0) ∩ E
nil
d ⊂ Ed.
This variety is often called the Lusztig nilpotent variety (see [B] when Q has edge loops). It
is a closed subvariety of Ed, which, in general, possesses many irreducible components and is
singular. In addition, Λd is a Lagrangian subvariety of Ed (see [L1], [B]). It plays an important
role in the geometric approach to quantum groups and crystal graphs based on quiver varieties
(see [KS] or [S, Lect. 4]).
1.2. The map µ and hence the variety Λd are defined over an arbitrary field k. The aim of this
note is to establish a formula for the number of points of Λd over finite fields, in terms of Kac’s
A-polynomial ([K], see below). We will give a formula for the generating series of the |Λd(Fq)|.
Before we can state our result, we need to fix a few notations. Let us consider the space
L = Q(t)[[zi]]i∈I
of power series in variables zi, i ∈ I, with coefficients in the field Q(t). Here t is a formal variable.
For d ∈ NI we write zd =
∏
i z
di
i . Let Exp : L → L be the λ-ring version of the exponential
map, i.e. Exp(f) = exp
(∑
k
1
kψk(f)
)
, where ψk : L → L is the kth Adams operator satisfying
ψk(z
d) = zkd, ψk(t
l) = tkl. For instance, we have Exp(zd) = 1/(1− zd).
1.3. Let Ad(t) be Kac’s A-polynomial attached to the quiver Q and to the dimension vector d,
i.e. for any finite field Fq, the integer Ad(q) is equal to the number of isomorphism classes of
absolutely indecomposable representation of Q of dimension d over Fq. The existence of Ad(t)
is due to Kac ([K]), as is the fact that Ad(t) ∈ Z[t] is unitary of degree 1−〈d,d〉. The fact that
Ad(t) has positive coefficients was only recently proved in [HLR-V]. By Kac’s theorem, Ad(t) = 0
unless d belongs to the set ∆+ of positive roots of Q. Let us denote by Ad(t) = Ad(t
−1)t1−〈d,d〉
the reciprocal polynomial of Ad(t). Let us consider the element
(1.1) PQ(t, z) := Exp
(
1
t− 1
∑
d
Ad(t)t
〈d,d〉zd
)
= Exp
(
1
1− t−1
∑
d
Ad(t
−1)zd
)
∈ L.
If Ad(t) =
∑
n ad,nt
n, the definition of PQ(t) may be rewritten as follows :
PQ(t, z) =
∏
d∈∆+
∏
l≥0
0∏
n=〈d,d〉−1
1
(1− tn−lzd)ad,−n
.
Observe that the Fourier modes of PQ(t, z) are all rational functions in t regular outside of t = 1
and this allows us to evaluate PQ(t, z) at any t 6= 1.
We may now state our main (and only) result :
Theorem 1.1. Assume that Q has no edge loops and let us set
λQ(q, z) =
∑
d
|Λd(Fq)|
|Gd(Fq)|
q〈d,d〉zd ∈ Q[[zi]]i.
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Then
(1.2) λQ(q, z) = PQ(q, z).
Conjecture 1.2. Theorem 1.1 holds without any assumption on Q.
Remarks. i) Set ζd(q, u) = exp
(∑
l≥1 Ad(q
l)u
l
l
)
. This may be thought of as the ’zeta function’
of the quotient
Mabs.indd = {(xh)h ∈ Ed | (xh ⊗ Fq)h indecomposable}/Gd.
Of course, Mabs.indd is not an algebraic variety in any sense – it is only a constructible subset of
the stack Md = Ed/Gd classifying representations of Q of dimension d, and we can not speak
of its zeta function in any precise sense. Using this notation, we may restate our result as the
equality
λQ(q, z) =
∏
d∈∆+
∏
l≥0
ζd(q
−1, q−lzd).
ii) It is possible to give a closed expression for the power series PQ(t, z), as an immediate
consequence of Hua’s formula, see (2.5).
1.4. Let us provide a few simple examples for Theorem 1.1 and Conjecture 1.2.
i) Assume that Q is a finite Dynkin quiver. Then Ad = 1 for all d ∈ ∆
+, and thus
λQ(q, z) =
∏
d∈∆+
∏
l≥0
1
1− q−lzd
= Exp
(
q
q − 1
∑
d∈∆+
zd
)
.
ii) Now let us assume that Q is an affine quiver. Then ∆+ = ∆+im ⊔∆
+
re with
∆+im = N≥1δ, ∆
+
re = {∆
+
0 + Nδ} ⊔ {∆
−
0 + N≥1δ}
where δ is the minimal imaginary root, and where ∆0 is the root system of an underlying
finite type subquiver Q0 ⊂ Q. We have Ad(t) = 1 for d ∈ ∆
+
re while Ad(T ) = t + r, with
r = rank(Q0) = |I| − 1. This yields
λQ(q, z) = Exp
(∑
d∈∆+0
qzd + (1 + rq)zδ +
∑
d∈∆−0
qzd+δ
(q − 1)(1− zδ)
)
.
iii) Finally, consider the Jordan quiver Q with one vertex and one loop. Then ∆+ = N≥1 and
Ad(t) = t for all d ≥ 1. In this case, Λd is just the variety Com
•,nil
gl
d
of pairs of commuting
d×d-matrices, with the second matrix being nilpotent. Theorem 1.1 is not applicable here, but
a direct computation (see [R-V]) yields, in accordance with Conjecture 1.2
∑
d≥0
|Com•,nilgl
d
(Fq)|
|GLd(Fq|
zd =
∏
d≥1
∏
l≥0
1
1− q−lzd
= Exp
(
qz
(q − 1)(1− z)
)
.
The above formula should be compared to the Feit-Thompson formula for the number of points
in the (non-nilpotent) commuting varitieties over finite fields (see [FT]).
Remark. The same techniques allow one to prove the following similar formula
∑
d≥0
|Comnil,nilgl
d
(Fq)|
|GLd(Fq|
zd =
∏
d≥1
∏
l≥1
1
1− q−lzd
= Exp
(
z
(q − 1)(1− z)
)
.
where Comnil,nilgl
d
is now the variety of pairs of commuting nilpotent matrices. One might ask
if there is an analogous formula for an arbitrary quiver (allowing edge loops), when one counts
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the number of points of the nilpotent variety Λnild ⊂ Λd defined using the standard nilpotency
condition. In view of Conjecture 1.2, one might expect that
∑
d
|Λd(Fq)|
|Gd(Fq)|
q〈d,d〉zd = Exp
(
1
t− 1
∑
d
A
nil
d (t)t
〈d,d〉zd
)
where Anild (t) counts the number of absolutely indecomposable representations of Q of dimension
d in which all edge loops act nilpotently.
1.5. We finish the section with two short remarks.
Poincare´ duality. It is not difficult to show that
(1.3)
∑
d
|µ−1d (0)(Fq)|
|Gd(Fq)|
q〈d,d〉zd = Exp
(
q
q − 1
∑
d
Ad(q)z
d
)
(see [M2, Thm.5.1] for a similar result in the context of Donaldson-Thomas theory). The stack
quotient [Λd/Gd] is Lagrangian inside [µ
−1
d (0)/Gd]. Comparing (1.3) with (1.1) we see that, as
far as point counting goes, [Λd/Gd] and [µ
−1
d (0)/Gd] are in some sense Poincare´ dual to each
other. In fact, our proof of Theorem 1.1 uses such a Poincare´ duality for appropriate stable (in
particular smooth) quotients of Λd and µ
−1
d (0), see Section 2.1. It would be interesting to be
able to deduce the relation between the point counts of Λd and µ
−1
d (0) directly from geometric
properties of the stacks [Λd/Gd] and [µ
−1
d (0)/Gd].
Kac’s conjecture. Let Q be a quiver without edge loops and let g be the associated Kac-Moody
algebra. By a theorem of Kashiwara-Saito ([KS], conjectured by Lusztig in [L2]), the number
of irreducible components of Λd is the dimension of the d root space in the envelopping algebra
U+(g). By the Lang-Weil theorem, we have
|Λd(Fq)| = |Irr(Λd)|q
dim(Λd) +O(qdim(Λd)−1/2)
from which it follows that
|Λd(Fq)|
|Gd(Fq)|
q〈d,d〉 = |Irr(Λd)|+O(q
−1/2) = dim(U+(g)[d]) +O(q−1/2)
which we may write as
(1.4) λQ(q, z) =
∑
d
dim(U+(g)[d])zd +O(q−1/2).
On the other hand, by Theorem 1.1 we have
(1.5) λQ(q, z) = Exp
(∑
d
ad,0z
d
)
+O(q−1/2) =
∏
d
1
(1− zd)ad,0
+O(q−1/2).
By the PBW theorem,
∑
d dim(U
+(g)[d])zd =
∏
d(1− z
d)−dim(g[d]). Combining (1.4) and (1.5)
we obtain that ad,0 = dim(g[d]), which is the statement of Kac’s conjecture. This conjecture
was proved by Hausel in [Ha], using his computation of the Betti numbers of Nakajima quiver
varieties. Note that our derivation of Theorem 1.1 uses Hausel’s result in a crucial manner, so
that the above is not a new proof of Kac’s conjecture but rather a reformulation of Hausel’s proof
in terms of Lusztig nilpotent varieties instead of Lagrangian Nakajima quiver varieties (more in
the spirit of [CBVdB]).
ON THE NUMBER OF POINTS OF THE LUSZTIG NILPOTENT VARIETY OVER FINITE FIELDS 5
2. Proof of the Theorem
2.1. We assume henceforth that the quiver Q has no edge loops. Let k be a field. We recall the
definition of Nakajima quiver varieties and state some of their properties (see [N1] for details).
Fix v,w ∈ NI , let V,W be I-graded k-vector spaces of respective dimensions v,w and set
M(v,w) =
⊕
h∈H⊔H∗
Hom(Vh′ , Vh′′ )⊕
⊕
i∈I
Hom(Vi,Wi)⊕
⊕
i∈I
Hom(Wi, Vi).
Elements of M(v,w) will be denoted (x, p, q). The space M(V,W ) carries a natural symplectic
structure, and the groupGv =
∏
iGL(Vi) acts in a Hamiltonian fashion. The associated moment
map may be written as follows :
µ : M(v,w) −→
⊕
i
gl(Vi)
(x, p, q) 7→
(∑
h∈H
h′=i
xh∗xh −
∑
h∈H
h′′=i
xhxh∗ + qipi
)
i
(2.1)
The (categorical) symplectic quotient of M(v,w) by Gv is the varietyM0(v,w) = µ
−1(0)/Gv.
It is an affine variety which is singular in general. We say that an element (x, p, q) ∈ µ−1(0) is
semistable if the following condition is satisfied :(
V ′ ⊂
⊕
i
Ker(qi) and x(V
′) ⊂ V ′
)
⇒ V ′ = {0}.
We denote by µ−1(0)s the open subset of µ−1(0) consisting of semistable points. The (geometric)
quotient M(v,w) = µ−1(0)s/Gv is a smooth symplectic quasiprojective variety, and there is a
natural projective morphism π :M(v,w) →M0(v,w). The dimension of M(v,w) is equal to
2d(v,w) = 2v ·w− (v,v). We put L(v,w) = π−1(0). It is known that
L(v,w) = {Gv · (x, p, q) ∈ M(v,w) | p = 0, x is nilpotent}
and that L(v,w) is Lagrangian in M(v,w). When we want to specify the field over which
we consider M(v,w) or L(v,w) we write M(v,w)/k,L(v,w)/k. In fact, the definitions of
M(v,w) and L(v,w) make sense over any commutative ring R and we will use the notation
M(v,w)/R,L(v,w)/R for the corresponding R-schemes.
2.2. We assume that k = C in this paragraph. The varieties L(v,w)/C and M(v,w)/C are
homotopic. The Betti numbers of M(v,w)/C have been computed by T. Hausel (see [Ha], and
see [M1] for another proof). Before we state this result we need a few notations. For n ∈ N and
n = (ni)i ∈ N
I we set
[∞, n] =
n∏
k=1
(1− tk)−1, [∞,n] =
∏
i
[∞, ni].
Let τ = (τ i)i be a set of partitions indexed by I. We put
|τ | =
∑
i
|τ i|, τ l = (τ
i
l )i ∈ N
I
and
X(τ , t) =
∏
k
t〈τk,τk〉[∞, τ k − τ k+1].
Define a power series in L depending on a vector w ∈ ZI as
r(w, t, z) =
∑
τ
tw·τ1X(τ , t−1)z|τ |.
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Theorem 2.1 (Hausel). The varieties M(v,w)/C have a pure Hodge structure, vanishing odd
cohomology, and their Poincare´ polynomials for compactly supported cohomology
Pc(M(v,w)/C, t) :=
∑
i
dim H2ic (M(v,w)/C,C)t
i
are determined by the following formula :
(2.2)
∑
v
t−d(v,w)Pc(M(v,w)/C, t)z
v =
r(w, t, z)
r(0, t, z)
.
Proposition 2.2. The varieties L(v,w)/C have a vanishing odd cohomology, and their Poincare´
polynomials are determined by the following formula :
(2.3)
∑
v
t−d(v,w)Pc(L(v,w)/C, t)z
v =
r(v, t−1, z)
r(0, t−1, z)
.
Proof. By Poincare´ duality, we have
dim H2ic (M(v,w)/C,C) = dim H
4d(v,w)−2i(M(v,w)/C,C)
= dim H4d(v,w)−2i(L(v,w)/C,C)
= dim H4d(v,w)−2ic (L(v,w)/C,C).
The second and third equalities respectively come from the facts thatM(v,w)/C and L(v,w)/C
are homotopic and that the latter is projective. We deduce that
(2.4) Pc(L(v,w)/C, t) = t
2d(v,w)Pc(M(v,w)/C, t
−1).
Relation (2.3) is thus a consequence of (2.2). ⊓⊔
The relation between the function r(w, t, z) and the collection of Kac polynomials is given by
the following result of Hua, see [Hu] :
Theorem 2.3 (Hua). We have
(2.5) r(0, t, z) = Exp
(
1
t− 1
∑
d
Ad(t)z
d
)
2.3. We now consider the quiver varieties L(v,w)/Fq and M(v,w)/Fq over finite fields. We
say that a variety X defined over a finite field Fq is strictly polynomial count if there exists a
polynomial P (t) ∈ Q[t] such that for any r ≥ 1 we have |X(Fqr )| = P (q
r).
Proposition 2.4. The variety L(v,w)/Fq is pure and strictly polynomial count over any finite
field Fq. It has no odd (e´tale) cohomology. Its counting polynomial is equal to the Poincare´
polynomial Pc(L(v,w)/C, t).
Proof. A similar statement is proved by Nakajima in [N3, Sec. 5–8] for virtual Hodge polyno-
mials, for ADE quivers. Our method is an adaptation of his.
Consider the following Gm-action on M(v,w) :
t · (x, p, q) = (tx, tp, tq).
There is a compatible action of Gm on the affine quotient M0(v,w).
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Lemma 2.5. Let R be any commutative ring. The above Gm-action induces Bialynicki-Birula
type decompositions
(2.6) M(v,w)/R =
⊔
ρ
Uρ/R, L(v,w)/R =
⊔
ρ
Vρ/R
where Uρ/R and Vρ/R are affine fiber bundles over a smooth projective variety Mρ/R. In
addition, we have
(2.7) Mρ/C ≃ (Mρ/Z)⊗ C, Mρ/Fq ≃ (Mρ/Z)⊗ Fq.
Proof. Since the Gm-action on M0(v,w)/R contracts everything to 0 and since π
−1(0) =
L(v,w)/R is projective the Gm-action on M(v,w) is contracting as well. From the defini-
tion of M(v,w) as a G.I.T quotient (see e.g. [N1, (3.6)]) we see that M(v,w)/R, and hence
also L(v,w)/R may be covered by Gm-invariant affine subschemes. We may thus apply Hes-
selink’s version of the Bialynicki-Birula theorem [He, Thm. 5.8] to deduce that the fixed point
scheme M(v,w)Gm/R is regular and that there is a decomposition M(v,w)/R =
⊔
ρ Uρ/R
as in (2.6). Notice that M(v,w)Gm/R ⊂ L(v,w)/R hence each connected component Lρ/R of
M(v,w)Gm/R is projective. Applying Hesselink’s theorem to the inverseGm-action t⋆(x, p, q) =
t−1 ·(x, p, q) yields the decomposition in (2.6) for L(v,w)/R. Observe that the ⋆-action of Gm on
M0(v,w)/R is dilating hence the attracting scheme (called concentrator scheme in [He]) is equal
to π−1(0) = L(v,w)/R. The assertions in (2.7) come from the fact that taking Gm-invariants
commutes with base change. ⊓⊔
We may now finish the proof of Proposition 2.4. Consider the decomposition (2.6) for R =
C. By [N3, Lemma 5.2], the varieties Mρ/C have no odd cohomology. By the comparison
theorem for smooth proper varieties, the Poincare´ polynomial Pc(Mρ/C,C) and the Poincare´
polynomial in e´tale cohomology Pc(Mρ/Fq,Ql) coincide. In particular, the odd e´tale cohomology
of Mρ/Fq is zero as well. Now it is known that M(v,w)/Fq is pure (see [M1, Prop. 6.2]) and
strictly polynomial count (see [CBVdB, Prop. 2.2.1]). By e.g. [CBVdB, Lemma A.1] we deduce
that the odd (e´tale) cohomology with compact support of M(v,w)/Fq vanishes and that the
Frobenius eigenvalues in H2i(M(v,w)/Fq,Ql) are all equal to q
i. By (2.6) there is a filtration
of H2i(M(v,w)/Fq,Ql) whose factors are of the form H
2(i−uρ)(Mρ/Fq,Ql){uρ}, where {n}
denotes a Tate twist and uρ is the rank of the affine fiber bundle Uρ. But then all the Frobenius
eigenvalues in H2i(Mρ/Fq,Ql) are equal to q
i for all ρ and all i. Hence each Mρ/Fq is itself
polynomial count, and therefore so is L(v,w)/Fq . The statements concerning the purity and
the counting polynomial of L(v,w)/Fq follow from the decomposition of the e´tale cohomology
of L(v,w) in terms of that of the Mρ. ⊓⊔
Corollary 2.6. For any finite field Fq the following relation holds :
(2.8)
∑
v
q−d(v,w)|L(v,w)(Fq)|z
v =
r(v, q−1, z)
r(0, q−1, z)
.
2.4. We next relate the number of points of Λv and L(v,w) over finite fields. Define a stratifi-
cation L(v,w) =
⊔
w′≤w L(v,w)w′ by
L(v,w)w′ = {Gv · (x, 0, q) ∈ L(v,w) | dim(Im(
⊕
i
qi)) = w
′}.
Observe that the map (x, 0, q) 7→ (x′) with x′h = qh′′xhq
−1
h′ defines an isomorphism L(v,v)v ≃
Λv. Let Gr
w
w′ denote the Grassmannian of I-graded subspaces of W of dimension w
′. The
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projection L(v,w)w′ → Gr
w
w′ is a fibration with fiber L(v,w
′)w′ . It follows that
(2.9) |L(v,w)(Fq)| =
∑
w′≤w
|Grww′(Fq)| · |L(v,w
′)w′(Fq)|.
Inverting (2.9) to express the number of points of L(v,w)w/Fq for all w in terms of the number
of points of L(v,w)/Fq for all w yields, after a small computation, the following :
Lemma 2.7. We have
(2.10) |L(v,w)w(Fq)| =
∑
w′≤w
(−1)|w|−|w
′|qu(w,w
′)|Grww′ (Fq)| · |L(v,w
′)(Fq)|,
where u(w,w′) =
∑
i(wi − w
′
i)(wi − w
′
i − 1)/2.
Corollary 2.8.
(2.11) |Λv(Fq)| =
∑
w′≤v
(−1)|v|−|w
′|qu(v,w
′)|Grvw′(Fq)| · |L(v,w
′)(Fq)|.
2.5. We may now proceed to the proof of Theorem 1.1. It is essentially a direct computation
using (2.11) together with (2.8). For this, we consider the series
(2.12) Tw(z) =
∑
v
|L(v,w)w(Fq)|
|Gw(Fq)|
q〈v,v〉zv ∈
|Λw(Fq)|
|Gw(Fq)|
q〈w,w〉zw +
⊕
v>w
Czv.
Using Lemma 2.7 and Corollary 2.6 we have
Tw(z) =
∑
w′≤w
{
(−1)|w|−|w
′| |Gr
w
w′ (Fq)|
|Gw(Fq)|
qu(w,w
′)
∑
v
|L(v,w′)(Fq)|q
〈v,v〉zv
}
=
∑
w′≤w
(−1)|w|−|w
′| |Gr
w
w′ (Fq)|
|Gw(Fq)|
qu(w,w
′) r(w
′, q−1, qw
′
z)
r(0, q−1, qw′z)
,
where by convention (qxz)y = qx·yzy. Expanding in powers of z, we have
r(w′, q−1, qw
′
z)
r(0, q−1, qw′z)
=
=
{∑
τ
qw
′·|τ>1|z|τ |X(τ , q)
}
·
{∑
l≥0
(−1)l
∑
τ
(1),...,τ (l)
τ
(j) 6=0
qw
′·(
∑
j
|τ (j)|)z
∑
j
|τ (j)|
∏
j
X(τ (j), q)
}
It follows that
(2.13) Tw(z) =
1
|Gw(Fq)|
∑
l≥0
(−1)l
∑
τ
(1),...,τ (l)
τ
(j) 6=0
K(l)w (τ
(1), . . . , τ (l)) · z
∑
|τ (j)|
∏
j
X(τ (j), q)
where
K(l)w (τ
(1), . . . , τ (l)) =
∑
w′≤w
(−1)|w|−|w
′|qu(w,w
′)|Grww′ (Fq)|
(
q|w
′|·|τ
(1)
>1|−q|w
′|·|τ(1)|
)
qw
′·(
∑
j>1 |τ
(j)|)
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Replacing w′ by w −w′ and setting 1 = (1, . . . , 1) ∈ NI we may rewrite K
(l)
w (τ (1), . . . , τ (l)) as
K(l)w (τ
(1), . . . , τ (l)) =
= q|w|·(|τ
(1)
>1|+
∑
j>1 |τ
(j)|)
( ∑
w′≤w
(−1)|w
′|q
1
2w
′·(w′−1)|Grww′(Fq)|q
−|w′|·(|τ
(1)
>1|+
∑
j>1 |τ
(j)|)
)
− q|w|·(
∑
j
|τ (j)|)
( ∑
w′≤w
(−1)|w
′|q
1
2w
′·(w′−1)|Grww′ (Fq)|q
−|w′|·(
∑
j
|τ (j)|)
)
.
Now we use the following identity, whose proof is left to the reader. For any w ∈ N we have
w∑
j=0
(−1)w
′
qw
′(w′−1)/2−aw′ |Grww′(Fq)| =
{
0 if a = 0, 1, . . . d− 1
(1− q)−1 · · · (1− q−w)−1 if a = d
.
This implies that K
(l)
w (τ (1), . . . , τ (l)) = 0 unless
∑
i |τ
(i)| −w ∈ NI , and that for
∑
i |τ
(i)| = w
we have
K(l)w (τ
(1), . . . , τ (l)) = −|Gw(Fq)|.
Comparing the coefficients of zw in (2.13) and (2.12) we obtain the equality
|Λw(Fq)|
|Gw(Fq)|
q〈w,w〉 =
∑
l
(−1)l+1
{ ∑
τ
(1),...,τ (l)
∏
j
X(τ (j), q)
}
where the sums runs over all tuples (τ (1), . . . , τ (l)) of nonzero partitions satisfying
∑
j |τ
(j)| = w.
Summing over all w we finally obtain∑
w
|Λw(Fq)|
|Gw(Fq)|
q〈w,w〉zw =
1
1 +
∑
τ 6=0X(τ , q)z
|τ |
=
1
r(0, q−1, z)
.
The theorem is now a consequence of Hua’s formula
r(0, q−1, z) = Exp
(
1
q−1 − 1
∑
d
Ad(q
−1)zd
)
= Exp
(
1
q − 1
∑
d
Ad(q)q
〈d,d〉zd
)−1
.
⊓⊔
3. Factorization of λQ(q, z) and the strata in Λd.
3.1. Let QJ be the full subquiver of Q corresponding to a subset of vertices J ⊂ I. All the
varieties associated to QJ instead of Q will be denoted with a superscript J . If d ∈ N
J then of
course ΛJd ≃ Λd so that there is a factorization
(3.1) λQ(q, z) = λQJ (q, z) · λQ\QJ (q, z)
where by definition
λQ\QJ (q, z) = Exp
(
1
q − 1
∑
d
supp(d) 6⊆J
Ad(q)q
〈d,d〉zd
)
.
The Fourier modes of λQ\QJ (q, z) count the (orbifold) number of points of some natural sub-
varieties in the Λd first considered by Lusztig. These subvarieties are defined as follows. Let
K = {k ∈ H ⊔H∗ | k′ ∈ I\J, k′′ ∈ J}. For a pair (d,n) ∈ NI ×NJ such that d−n ∈ NI , we set
Λd;n =
{
(xh, xh∗)h ∈ Λd | codim(
⊕
k∈K
k) = n
}
.
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Each Λd;n is a locally closed subvariety in Λd and we have a stratification
Λd =
⊔
n
Λd;n.
There is natural map of stacks
pd,n : [Λd;n/Gd]→ [Λd;0/Gd]× [Λ
J
n/Gn]
given by assigning to a representation M = (xh, xh∗)h in Λd;n the pair (F,M/F ) where F is
the subrepresentation of M (for the doubled quiver Q) generated by
⊕
i6∈J Vi. The following is
proved in [L1, Sect.12] and plays a key role in the geometric construction of the crystal graph.
The proof in loc. cit is given in the case that J is reduced to a single vertex, but the proof is
the same in general, see e.g. [B].
Proposition 3.1. The map pd;n is a (not necessearily representable) affine fibration of dimen-
sion (d− n,n).
Set
λQ;0(q, z) =
∑
d
|Λd;0(Fq)|
|Gd(Fq)|
q〈d,d〉zd.
Then from Proposition 3.1 we easily deduce the identity
(3.2) λQ(q, z) = λQJ (q, z) · λQ;0(q, z).
Corollary 3.2. The following equality holds
λQ;0(q, z) = λQ\QJ (q, z).
Acknowledgements
I would like to thank A. Chambert-Loir, T. Hausel, E. Letellier, H. Nakajima and Y. Soibelman
for useful discussions and correspondence. As explained to us by Y. Soibelman, a formula similar
to (1.2) has been obtained independently in some recent joint work of his and Kontsevich.
References
[B] T. Bozec, in preparation.
[CBVdB] W. Crawley-Boevey, M. Van den Bergh, Absolutely indecomposable representations and Kac-Moody
Lie algebras. With an appendix by Hiraku Nakajima, Invent. Math. 155 (2004), no. 3, 537–559.
[FT] W. Feit, N. J. Fine, Pairs of commuting matrices over a finite field, Duke Math. J 27 1960 91–94.
[Ha] T. Hausel, Kac’s conjecture from Nakajima quiver varieties, Invent. Math. 181 (2010), no. 1, 21–37.
[HLR-V] T. Hausel, E. Lettellier, F. Villegas-Rodriguez, Positivity of Kac polynomials and DT-invariants for
quivers, arXiv:1204.2375 (2012).
[He] W. Hesselink, Concentration under actions of algebraic groups , Se´minaire d’Alge`bre Paul Dubreil et Marie-
Paule Malliavin, Lecture Notes in Mathematics No. 867, 1981, pp 55–89.
[Hu] J. Hua, Counting representations of quivers over finite fields, J. Algebra 226, 1011–1033 (2000)
[K] V. Kac, Root systems, representations of quivers and invariant theory, In: Invariant Theory, Montecatini,
1982. Lecture Notes in Mathematics, vol. 996, pp. 74–108. Springer, Berlin (1983).
[KS] M. Kashiwara, T. Saito, Geometric construction of crystal bases, Duke Math. J. 89 (1997), no. 1, 9–36.
[L1] G. Lusztig, Quivers, perverse sheaves, and quantized enveloping algebras, J. Amer. Math. Soc. 4 (1991), no.
2, 365–421.
[L2] G. Lusztig, Canonical bases arising from quantized enveloping algebras. II, Common trends in mathematics
and quantum field theories (Kyoto, 1990). Progr. Theoret. Phys. Suppl. No. 102 (1990), 175–201 (1991).
[M1] S. Mozgovoy, Fermionic forms and quiver varieties, arXiv:math/0610084 (2006).
[M2] S. Mozgovoy, Motivic Donaldson-Thomas invariants and McKay correspondence, arXiv:1107.6044 (2011).
[N1] H. Nakajima, Quiver varieties and Kac-Moody algebras, Duke Math. J. 91(3), 515–560 (1998).
ON THE NUMBER OF POINTS OF THE LUSZTIG NILPOTENT VARIETY OVER FINITE FIELDS 11
[N2] H. Nakajima, Quiver varieties and finite dimensional representations of quantum affine algebras, J. Amer.
Math. Soc. 14 (2001), no. 1, 145–238.
[N3] H. Nakajima, Quiver varieties and t-analogs of q-characters of quantum affine algebras, Ann. of Math. (2)
160 (2004), no. 3, 1057–1097.
[R-V] F. Villegas-Rodriguez, Counting colorings on varieties, Publ. Mat. 2007, Proceedings of the Primeras
Jornadas de Teor`ıa de Nu´meros, 209–220.
[S] O. Schiffmann, Lectures on canonical and crystal bases of Hall algebras, arXiv:0910.4460 (2009), to appear
in Se´m. et Cong. (SMF).
O. Schiffmann, olivier.schiffmann@math.u-psud.fr,
De´partement de Mathe´matiques, Universite´ de Paris-Sud, Baˆtiment 425 91405 Orsay Cedex, FRANCE.
